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1970 Mar inet [17] (proximal
point algorithm)
$E$ Hilbert $T\cdot$. $Earrow 2^{E}$ ($T$ $E$
$E$ ) $x_{1}=x\in E$
(1)
$x_{n}\in x_{n+1}+r_{n}Tx_{n+1}(n=1,2, \ldots)$ (2)
$\{r_{n}\}\subset(0, \infty)$ 1976 Rockafellar
[24] $\lim\inf_{n}r_{n}>0$ $T^{-1}0\neq\emptyset$ $\{x_{n}\}$ $T^{-1}0$
$J_{r}(x)=\{z\in E : x\in z+rTz\}(=(I+rT)^{-1}(x))(x\in E, r>0)$





(a)llJrx– yll $\leq||x-y||(x, y\in E)$
(b) $J_{r}z=z\neq\supset \mathrm{O}\in Tz$
$T$ proper $\partial f$ (2)
$x_{n+1}= \arg\min_{y\in E}\{f.(y)+\frac{1}{2r_{n}}||y-x_{n}||^{2}\}(n=1,2, \ldots)$ (4)
$\{x_{n}\}$ $f$
$T:E\cross Farrow 2^{E\mathrm{x}F}$
saddle function $L$ $($Rockafellar $[23])_{\text{ }}$
$x$ $Y$ Hilbert $E$ $F$ $L$ :
$X\mathrm{x}Yarrow \mathbb{R}$
(2)
$L_{n}(u, x_{n+1})\leq L_{n}(x_{n+1}, y_{n+1})\leq L_{n}(x_{n+1}, v)(u\in X, v\in Y, n=1,2, \ldots)$
(5)
$L_{n}(u, v)=L(u, v)- \frac{1}{2r_{n}}||u-x_{n}||_{E}^{2}+\frac{1}{2r_{n}}||v-y_{n}||_{F}^{2}((u, v)\in X\rangle\langle Y,$ $n\in \mathrm{N})$
$(x_{n+1}, y_{n+1})$ $L_{n}$ $\{(x_{n}, y_{n})\}$ $L$



















$x_{n+1}=J^{-1}(\alpha_{n}Jx+(1-\alpha\sim JJ_{r_{n}}x\sim$ $(n=1,2, \ldots)$ (8)
$x_{n+1}=J^{-1}(\alpha_{n}Jx_{n}+(1-\alpha_{n})JJ_{r_{n}}x_{n})(n=1,2, \ldots)$ (9)
$J$ : $Earrow E^{*}$
$[9, 14]$ (8)
(9) $E$ Hilbert














$x_{n+1}=\nabla g^{*}(\alpha_{n}\nabla g(x)+(1-\alpha_{n})\nabla g(J_{r_{n}}x_{n}))(n=1,2, \ldots)$ (10)
$x_{n+1}=\nabla g^{*}(\alpha_{n}\nabla g(x_{n})+(1-\alpha_{n})\nabla g(J_{r_{n}}x_{n}))(n=1,2, \ldots)$ (11)
$g$ : $Earrow \mathbb{R}$
( Bregman ) Banach
$g=||\cdot||^{2}/2$ $\nabla g=J$ $\nabla g^{*}=J^{-1}$
(10) (11 (8) (9) Banach Bregman
[1, 2, 4, 5, 6, 19]
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2
$E$ Banach $E^{*}$ $S$ $B$ $E$
$T:Earrow 2^{E^{*}}$
$\langle x-y, x^{*}-y^{*}\rangle\geq 0$
$(x, x^{*}),$ $(y, y^{*})\in G(T)$ $G(T)$
$T$
$\{(x, x^{*}) : x^{*}\in Tx\}$
$T$ $T$ $E$
$\langle x-a, x^{*}-a^{*}\rangle\geq 0((x, x^{*})\in G(T))$
$(a, a^{*})\in G(T)$ $T^{-1}0$
$f$ : $Earrow(-\infty, \infty]$ propex$\cdot$ $f$
effective domain $D(f)=\{x\in E : f(x)\in \mathbb{R}\}$
$f$
$f(\alpha x+(1-\alpha)y)\leq\alpha f(x)+-(1-\alpha)f(y^{1}$,
$x,$ $y\in E$ $\alpha\in(0,1)$ $f$
$f(\alpha x+(1-\alpha)y)<\alpha f(x)+(1-\alpha)f(y)$
$x,$ $y\in D(f)(x\neq y)$ $\alpha\in(0,1)$
$f$ $r\in \mathbb{R}$
$\{x\in E:f(x)\leq r\}$
proper $f$ : $Earrow(-\infty, \infty]$
$x\in E$ $E^{*}$
$\partial f(x)=\{x^{*}\in E^{*} : f(x)+\langle y-x, x^{*}\rangle f(y)(y\in E)\}$
Rockafellar $[20, 21]$ $\partial f$ : $Earrow$
$2^{E^{*}}$ $( \partial f)^{-\mathrm{I}}(0)=\{z\in E : f(z)=\inf_{x\in E}f(x)\}$
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proper $f$ : $Earrow(-\infty, \infty]$ $f^{*}iE^{*}\cdotarrow$
( $-\infty\infty]\}$








$\mathrm{I}\mathrm{i}\mathrm{m}\frac{g(x+ty)-g(x)}{t}=\langle y, x^{*}\rangle tarrow 0$
$y\in E$ $\partial g(x)=\{x^{*}\}$
$\nabla g(x)=\partial g(x)$ proper $g$ IntD(g)
G\^ateaux $g$ Bregman
$D(x, y)=g(x)-g(y)-\langle x-y, \nabla g(y)\rangle(x\in E, y\in \mathrm{I}\mathrm{n}\mathrm{t}D(g))$ (12)
Bregman [3] Censor Lent [7]
Bregman - $D$
$g$ ( $D(g)=E$ )
Bregman
2.1. $E$ Banach $g:Earrow \mathbb{R}$ Bregman
$g$
(1) $g$ $E$ Gateaux
(2) $x\in E$ $r>0$
$\{y\in E:D(x, y)\leq r\}$
$g$ : $Earrow \mathbb{R}$ $E$
$g$
G\^ateaux









$E$ Banach $g$ strongly coercive
Bregman $C\subset E$
$x\in E$
$D(x_{0}, x)= \min_{y\in C}D(y, x)$
$x_{0}\in C$ $E$ $C$ Bregman projec-
tion $P_{C}$ : $Earrow C$ $P_{C}(x)=x_{0}(x\in E\rangle$ $T:Earrow 2^{E^{*}}$
$x\in E$ $r>0$
$\nabla g(x)\in\nabla g(x_{r})+rTx_{r}$
$x_{r}\in E$ $([15, 18])_{\text{ }}T$ resolvent $J_{r}$ : $Earrow E$
$x=x_{r}$ $(x\in E)$ $P_{C}$
$D(u, P_{C}x)$ $D(P_{C}x, x)\leq D(u, x)(u\in C, x\in E)$ (13)
$D(u, J_{r}x)+D(J_{r}x, x)\leq D(u, x)(u\in T^{-1}0, x\in E)$ (14)
2.2 ([32]). $E$ Banach $g$ ; $Earrow \mathbb{R}$
$g$ $r,$ $t>0$
$p_{r}(t)>0$
$\rho_{r}(t)=\inf_{x,y\in rB,||x-y=t,\alpha\in(0,1)}\frac{\alpha g(x)+(1-\alpha)g(y)-g(\alpha x+(1-\alpha)y)}{\alpha(1-\alpha)}$ (15)
2.3 ([32]). $E$ Banach $g$ : $Earrow \mathbb{R}$
$g$ $r>0$
$\lim_{t\downarrow 0}\sigma_{r}(t)/t=0$
$\sigma_{r}(t)=\sup_{x\in rB,y\in S,\alpha\in(0,1)}\frac{\alpha g(x+(1-\alpha)ty)+(1-\alpha)g(x-\alpha ty)-g(x)}{\alpha(1-\alpha)}$ (16)
24 ([32]). $E$ Banach $g:Earrow \mathbb{R}$
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(1) $g$ strongly. coercive
(2) $D(g^{*})=E^{*}$ $g^{*}$
(3) $D(g^{*})=E^{*}$ $g^{*}$ Fr\’echet $\nabla g^{*}$
25 ([32]). $E$ Banach $g$ : $Earrow \mathbb{R}$ strongly
coercive
(1) $g$
(2) $g$ $\grave{\grave{\mathrm{a}}}$ Fr\’echet $\nabla g$
(3) $D(g^{*})=E^{*}$ 9* strongly coercive







3.1 ([15]). $E$ Banach $g$ : $Earrow \mathbb{R}$ strongly
coercive Bregman
$T$ : $Earrow 2^{E^{*}}$ $=(\nabla g+rT)^{-1}\nabla g(r>0)$
$x_{1}=x\in E$
$x_{n+1}=\nabla g^{*}(\alpha_{n}\nabla g(x)+(1-\alpha_{n})\nabla g(J_{r_{n}}x_{n}))(n=1,2, \ldots)$
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3.1 $P$ $P_{T^{-1}0}$ $g$ $\nabla g$ ;
$Earrow E^{*}$ $\nabla g^{*}=(\nabla g)^{-1}$ $\{x_{n}\}$ well-defined
(14)
$D(Px, x_{n+1})\leq\alpha_{n}D(Px, x)+(1-\alpha_{n})D(Px, x_{n})(n=1,2, \ldots)$
$D(Px, x_{n})\leq D(Px, x)(n=1,2, \ldots)$ $g\mathrm{B}\grave{\grave{\mathrm{l}}}$
Bregman $\{x_{n}\}$
$g$ strongly coercive
24 $D(g^{*})=E^{*}$ $\nabla g^{*}$
(13) $T$
$\lim_{narrow\infty}\mathrm{s}11\mathrm{p}\langle x_{n}-Px, \nabla g(x)-\nabla g(Px)\rangle\leq 0$
$\epsilon>0$ $m\in \mathbb{N}$










$=(\nabla g+rT)^{-1}\nabla g(r>0)$ $\text{ }x_{1}=x\in E$
$x_{n+1}=\nabla g^{*}(\alpha_{n}\nabla g(x_{n})+(1-\alpha_{n})\nabla g(J_{r_{n}}x_{n}))(n=1,2, \ldots)$














34 ([15]). $E$ Banach $g$ : $Earrow \mathbb{R}$ strongly
coercive Bregman
$T$ ; $Earrow 2^{E^{*}}$ $T^{-1}0\neq\emptyset$ $J_{r}=$
$(\nabla g+rT)^{-1}\nabla g(r>0)$ $x_{1}=x\in E$
xn+l=\nabla g*(\mbox{\boldmath $\alpha$}n\nabla g(x\tilde +(l-\mbox{\boldmath $\alpha$}\tilde g( 7x\tilde ) $(n=1,2, \ldots)$
$\{\alpha_{n}\}\subset[0,1]_{\text{ }}\{_{n}^{m},\}\subset(0, \infty)$ $\{P_{T^{-1}0}(x_{n})\}$
$T^{-1}0$ Cauchy
$\lim_{7larrow\infty}D(z, x_{n})=\min\{\lim_{narrow\infty}D(y, x_{n})$ : $y\in T^{-1}0\}$
$z$
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3.1 32 $g$ Banach
$||\cdot||^{p}/p(1<p<\infty)$
$p=2$ [14] [9]
3.5([15]). $E$ Banach $J_{p}$ $\omega(t)=t^{p-1}$
weight function $E$ $E^{*}$ $p\in(1, \infty)$
$T$ : $Earrow 2^{E^{*}}$ $Q_{r}=(J_{p}+rT)^{-1}J_{p}(r>0)$
$x_{1}=x\in E$
$x_{n+1}=J_{p}^{-1}(\alpha_{n}J_{p}(x)+(1-\alpha_{n})J_{p}(Q_{r_{n}}x_{n}))(n=1,2, \ldots)$




3.6 ([15]). $E$ $-\tau^{\backslash }\backslash$–F Banach $J_{p}$ $\omega(t)=t^{p-1}$










$E$ Banach $f,$ $f_{1},$ $f_{2},$ $\ldots,$ $f_{m}$ : $Earrow \mathbb{R}$
(CP)
(CP) $f(z)= \min_{y\in C}f(y)$
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4.1. $E$ Banach $g$ : $Earrow \mathbb{R}$ strongly coercive
Bregman
$f,$ $f_{1},$ $f_{2},$
$\ldots$ , $f_{m}$ : $Earrow \mathbb{R}$ (CP) $S$
$x_{1}$ $x\in E$




. proper $\prime P:Earrow(-\infty, \infty]$
$\phi(x)=\{\begin{array}{l}f(x)(x\in C)\infty(k\emptyset \mathrm{f}\mathrm{t}\mathrm{B})\end{array}$
$S= \{z\in E:\phi(z)=\min_{y\in E}\phi(y)\}=(\partial\phi)^{-1}(0)$
Rockafellar $[20, 21]$ $\partial\phi$
$r>0_{\text{ }}J_{r}=(\nabla g+r\partial\phi)^{-1}\nabla g$ $x_{r}=J_{r}x$
$\nabla g(x)\in\partial g(x_{r})+r\partial\phi(x_{r})$
$x_{r}= \arg\min_{y\in E}\{\phi(y)+\frac{1}{2r}D(y, x)\}=\arg\min_{y\in C}\{f(y)+\frac{1}{2r}D(y, x)\}$




4.2. $E$ Banach $g$ : $Earrow \mathbb{R}$ strongly coercive
Bregman
$\nabla g$
$f,$ $f1,$ $f_{2},$ $\ldots$ , fm
$Earrow \mathbb{R}$ (CP) $15^{\gamma}$ $x_{1}=x\in E$





[1] H. H. Bauschke, J. M. Borwein and P. L. Combettes, Bregman monotone
optirnization algorithms, SJAM J. Control Optim. 42 (2003), 596-636.
[2] H. H. Bauschke and P. L. Combettes, Construction of best Bregman ap-
proxirnations in reflesive Banach spaces, Proc. Amer. Math. Soc. 131
(2003), 3757-3766.
[3] L. M. Bregman, The relaxation method of finding the common point of
convex sets and its application to the solution of problems in convex pro-
gramming, USSR Comput. Math. Math. Phys. 7 (1967), 200-217.
[4] R. S. Burachik and S. Scheimberg, A proximal point method for the vari-
ational inequality problem in Banach spaces, SIAM J. Control. Optim. 39
(2000), 1633-1649.
[5] D. Butnariu and A. N. Iusem, On a proximal point method for convex
optimization in Banach spaces, Numer. Funct. Anal. Optim. 18 (1997),
723-744.
59
[6] D. Butnariu and A. N. Iusem, Totally Convex Functions for Fixed Points
Computation and Infinite Dimensional Optimization, Kluwer Academic
Publishers, Dordrecht $(2000)$ .
[7] Y. Censor and A. Lent, An iterative row-action method for interval convex
prograrnming, J. Optim. Theory Appl. 34 (1981), 321-353.
[8] Y. Censor and S. Reich, Iterations of paracontractions and firmly nonex-
pansive operators with applications to feasibility and optimization, Opti-
mization 37 (1996), 323-339.
[9] S. Kamimura, F. Kohsaka and W. Takahashi, Weak and strong conver-
gence theorems for maximal monotone operators in a Banach space, Set-
Valued Anal. 12 (2004), 417-429.
[10] S. Kamimura and W. Takahashi, Approximating solutions of maximal
monotone operators in Hilbert spaces, J. Approx. Theory 106 $(2000)$ ,
226-240.
[11] S. Kamimura and W. Takahashi, Iterative schemes for approximating
solutions of accretive operators in Banach spaces, Sci. Math. 3 (2000),
107-115.
[12] S. Kamimura and W. Takahashi, Weak and strong convergence of solu-
tions to accretive operator inclusions and applications, Set-Valued Anal.
8 (2000), 361-374.
[13] S. Kamimura and W. $\mathrm{T}\mathrm{a}\mathrm{k}\mathrm{a}\bm{1}_{1}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}$, Strong convergence of a proximal-type
algorithm in a Banach space, SIAM J. Optim. 13 (2002), 938-945.
[14] F. Kohsaka and W. Takahashi, Strong convergence of an iterative se-
qetence for rnaximal monotone operators in a Banach space, Abstr. Appl.
Anal. 2004 (2004), $239^{-\prime}249$ .
[15] F. Kohsaka and W. Takahashi, Proximal point algorithms with Bregman
functions in Banach spaces, J. Nonlinear Convex Anal., in press.
[16] F. Kohsaka and W. Takahashi, Weak and strong convergence theorems
for minimax problems in Banach spaces, Proceedings of the Third In-
ternational Conference on Nonlinear Analysis and Convex Analysis (W.
60
Takahashi and T. Tanaka $\mathrm{E}\mathrm{d}\mathrm{s}.,$ Tokyo, 2003), 203-215, Yokohama Pub-
lishers, Yokohama, 2004.
[17] B. Martinet, Rigularisahon $d^{f}\mathrm{i}n\acute{e}quat\mathrm{i}ons$ variationnelles par approxima-
tions successives, Rev. Francaise Informat. Recherche Op\’erationnelle 4
(1970), 154-158.
[18] R. G. Otero and B. F. Svaiter, A strongly convergent hybril proximal
methol in Banach spaces, J. Math. Anal. Appl. 289 (2004), 700-711.
[19] S. Reich, A weak corvvergence theorem for the alternating methoi utith
Bregrnan listance, in Theory and Applications of Nonlinear Operators of
Accretive and Monotone Type (A. G. Kartsatos Ed.), 313-318, Dekker,
New York 1996.
[20] R. T. Rockafellar, Characterization of the subdifferentials of convex func-
tiorts, Pacific J. Math. 17 (1966), 497-510.
[21] R. T. Rockafellar., On the maximal monotonicity of subdifferential map-
pings, Pacific J. Math. 33 (1970), 209-216.
[22] R. T. Rockafellar, On the $max\mathrm{i}mal_{i}ty$ of surns of nonlinear monotone
operators, Trans. Amer. Math. Soc. 149 (1970), 75-88.
[23] R. T. Rockafellar, Monotone operators associated with saldle-functions
and minimax problems, Nonlinear Functional Analysis, Part $\mathrm{I}$ (F. E.
Browder Ed.), Symposia in Pure Math. $\mathrm{V}\mathrm{o}\mathrm{l}$ . 18, Amer. Math. $8\mathrm{o}\mathrm{c}.,$ $241-$
$250$ , Providence $\mathrm{R}\mathrm{I},$ $1970$ .
[24] R. T. Rockafellar, Monotone operators and the proximal point algorithm,
SIAM J. Control Optim. 14 (1976), 877-898.
[25] W. Takahashi, Fixel point theorems and nonlinear ergolic theorems for
nonlinecrr semigroups and their opplications, Nonlinear Anal. 30 (1997),
1283-1293.
[26] W. Takahashi, Iterative methods for approximation of fixed points and
their applications, J. Oper. ${\rm Res}$ . Soc. Japan 43 (2000), 87-108.
[27] W. Takahashi, Fixed point theorems and proximal point algorithms, Pro-
ceedings of the Second International Conference on Nonlinear Analysis
61
and Convex Analysis (W. Takahashi and T. Tanaka Eds., Hirosaki, 2001),
471-481, Yokohama Publishers, Yokohama, 2003.
[28] W. Takahashi, Nonlinear Functional Analysis -Fixed Point Theory and
its Applications, Yokohama Publishers, Yokohama (2000).
[29] , , (2000).
[30] , , (2005).
[31] C. $\mathrm{Z}\dot{\mathrm{a}}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{c}\mathrm{u}$ , On uniformly convex functions, J. Math. Anal. Appl. 95
(1983), 344-374.
[32] C. $\mathrm{Z}\dot{\mathrm{a}}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{c}\mathrm{u}$ , Convex Anaiysis in General Vector Spaces, World Scientific
Publishing Co., Inc., River Edge $\mathrm{N}\mathrm{J},$ $(2002)$ .
$\overline{\mathrm{T}}152- 8552$ 2-12-1
kohsaka9@is .titech.ac.jp
$\overline{\mathrm{T}}152- 8552$ 2-12-1
wataru@is.titech.ac.jp
